Abstract. The free vibration characteristics of structures with viscoelastic treatment are represented by the complex-valued natural frequencies. The assumed single mode representation associated with the low-frequency stiffness of the viscoelastic treatment is modified by a correction term representing the influence from residual vibration modes. The correction term is eliminated in terms of the corresponding natural frequency associated with the high-frequency stiffness of the viscoelastic treatment, whereby an expression is obtained for the complex-valued natural frequency, which only requires the solution of two real-valued eigenvalue problems.
Introduction
While the introduction of supplemental viscoelastic material in many engineering problems is a robust approach to vibration mitigation of flexible structures, the desire to add substantial attainable damping relies on the inherent compromise between the magnitude of the stiffness and the energy dissipation properties of the viscoelastic material. Thus, the design of viscoelastic treatment for damping of flexible structures requires an accurate estimation of the damping level, which again requires the solution of the full eigenvalue problem in state-space with relaxation properties governed by additional state variables or by an iterative procedure with a frequency dependent dynamic stiffness matrix [1, 2] .
Viscoelastic treatment is in many cases introduced as dissipative elements in passive or passive-active sandwich beams [3, 4] or in terms of constrained layer damping systems [5] [6] [7] where energy dissipation is obtained by shear deformation of the viscoelastic material. Full coverage of the structure by viscoelastic treatment may be unfeasible and as demonstrated in [8] partial coverage may be nearly as effective, as long as the treatment is placed where 1 the deformation of the targeted vibration form of the structure is substantial [7] . The concepts for numerical modeling of a flexible structure with viscoelastic treatment are numerous, and the inherent compromise between accuracy and computational effort has been a main aspect in the development of the various proposed solution strategies. The most common modeling approaches are assumed modal expansions [7] [8] [9] [10] [11] or discretization by finite elements [4, 12, 13] . Both modeling approaches lead to discretized equations of motion, where the complex-valued natural frequencies are determined by solving the full dimensional eigenvalue problem. Concepts have recently been proposed to determine the complex-valued natural frequencies of dynamic systems with supplemental viscoelastic attachments [14] and structures with integrated viscoelastic parts [11, 15] . A review of numerical solution strategies for solving the damped eigenvalue problem for viscoelastic plate structures is given in [16] .
The aim of the present paper is to establish a simple, explicit, accurate and cost-effective solution format for determining the complex-valued natural frequencies of flexible structures with partially distributed linear-viscoelastic treatment. The viscoelastic material is assumed to be of relaxation form, with real-valued elastic properties in the low-and high-frequency limits and with frequency dependent properties representing the time relaxation. In Section 2 the relaxation format is initially introduced and the discretized equations of motion of the structure with partial viscoelastic treatment are presented. The modal properties of the flexible structure are then defined with respect to both the lowand the high-frequency stiffness contributions from the viscoelastic treatment. In Setion 3 the modal scalar equations for the resonant vibration form of the structure are now determined, where an essential part of the present solution strategy is the introduction of an additional term, representing the modal flexibility from non-resonant residual vibration modes. This type of correction term is commonly applied in numerical analysis for effective truncation of series expansions [17] [18] [19] . But recently this approach has also been used in [20, 21] to derive accurate calibration formulae for resonant vibration damping of flexible structures. A compact solution format for the complex-valued natural frequency of the resonant vibration mode is derived from the scalar equations of motion, and an optimality condition is finally formulated for maximum damping of the flexible structure.
The accuracy of the frequency solution format is then investigated by a simple numerical example in Section 4.
2. Structure with viscoelastic treatment 2.1. Relaxation material model. Constitutive relations for viscoelastic materials are conveniently described by linear models, where the stress components are governed by a convolution integral with a decaying exponential kernel representing strain relaxation [22, 23] . In the frequency domain, with angular frequency ω, these linear relaxation characteristics imply real-valued material stiffness in both the low-and high-frequency limits.
In a one dimensional relaxation model the constitutive relation can therefore be written as
where σ and ε are the energy conjugated stress and strain components, respectively. The frequency dependent properties of the viscoelastic modulus E(ω) is represented by the transfer function G(ω), with defined low-and high-frequency limits G(0) = 0 and G(∞) = 1, respectively. Thus, the viscoelastic modulus recovers E(0) = E 0 in the low-frequency limit and E(∞) = E 0 + ∆E in the high-frequency regime, whereby ∆E represents the change in stiffness between the two frequency limits. As demonstrated in [24, 25] causality implies ∆E ≥ 0. Figure 1 shows the real and imaginary part of G(ω) = iωτ /(1 + iωτ ) for the standard three-parameter relaxation model [26] , in which the relaxation time scale τ determines the transition frequency between the low-and high-frequency domain.
2.2. Discrete equations of motion. Flexible structures with partial viscoelastic treatment are commonly discretized by finite elements or by a truncated series of orthogonal functions. In a frequency domain representation of the system of governing equilibrium equations the discretized numerical model can therefore be written as
where the resulting stiffness matrix K = K s + Hk 0 H T in this case comprises the stiffness matrix K s from the structure without the viscoelastic part and the stiffness matrix Hk 0 H T associated with the low-frequency viscoelastic stiffness E 0 . The participation array H defines the reduced number of degrees of freedom that describe the motion of the viscoelastic where the stiffness matrix ∆k is derived from the elastic increment ∆E between the lowand high-frequency limits, whereby the force increment ∆f represents the contribution from the stress increment ∆EG(ω)ε.
Modal properties.
The complex frequency analysis in Section 3 is based on a modal representation of the structural response. In the governing equation of motion (2) the stiffness matrix contains the low-frequency stiffness contribution from the viscoelastic treatment. In the low-frequency domain G(0) = 0, whereby Eq. (4) gives ∆f = 0. Thus, in the low-frequency limit Eq. (2) corresponds to the real-valued eigenvalue problem
with the square of the natural frequency ω 2 j as the eigenvalue and the mode shape u j as the eigenvector. The modal mass and stiffness are in the following defined as m j = u T j Mu j and k j = u T j ku j , respectively, and the natural frequency in Eq. (5) is therefore defined by the ratio ω
In the high-frequency limit the frequency dependent function G(∞) = 1, whereby Eq. (4) gives ∆f = ∆kv. Substitution of this stiffness relation into Eq. (2) gives the alternative real-valued eigenvalue problem
corresponding to the high-frequency limit of the viscoelastic material stiffness. The eigensolution is expressed in terms of the change in the square of the natural frequency ∆ω 
where q r is the modal coordinate associated with the resonant mode shape u r , while the vector v r = H T u r represents the corresponding modal displacement of the viscoelastic part of the structure. In Eq. (7) the parameter 1/k 0 represents the additional flexibility from the non-resonant vibration modes of the structure. The assumed single mode representation is therefore retained by 1/k 0 = 0. In the force relation (4) the viscoelastic displacement v is now eliminated by Eq. (7). This gives
where the modal stiffness increment is defined as
The modal representation of the structural equation of motion (2) is
and Eqs. (10) and (8) constitute the two coupled scalar equations for the resonant vibration mode j = r, which together determine the complex-valued natural frequency ω of the structure with partial viscoelastic treatment.
General solution format. Elimination of v
T r ∆f/k r between Eqs. (10) and (8) gives the frequency transfer relation
where the free vibration properties are governed by the characteristic equation associated with the parenthesis on the left hand side. A solution for the complex natural frequency ω is conveniently expressed in terms of the increment ∆ω 2 = ω 2 − ω 2 r , relative to the natural frequency ω r governed by the eigenvalue problem (5). This solution can be written as
It is seen that this expression recovers the solution ω = ω r in the low-frequency limit with G(0) = 0. In the corresponding high-frequency limit with G(∞)
where the increment ∆ω 2 r is determined by the associated eigenvalue problem in Eq. (6). Thus, the non-dimensional flexibility parameter ∆k r /k 0 can now be obtained from Eq. (13) and substituted into the frequency solution in Eq. (12) . This gives
where ω 2 r and ∆ω 
introducing the generalized frequency dependent parameter
The solution in Eq. (15) becomes explicit when assuming that the frequency dependency is evaluated at the resonance frequency, whereby η r (ω) ≃ η r (ω r ). As demonstrated in the following numerical example this explicit form of the solution in Eq. (15) gives good agreement with the exact numerical solution. Furthermore, it is enables the determination of criteria for optimal damping of the flexible structure by the viscoelastic treatment.
An expression similar to Eq. (15) has been derived for structures with viscous dampers in [27] or with linear active control in [28] , based on a two-component representation of the damped vibration mode. In the present case this extended modal representation is directly contained in the correction term with 1/k 0 in Eq. (7).
3.3. Optimality condition. Maximum attainable damping is obtained at the corresponding maximum of the imaginary part of the complex-valued natural frequency, or alternatively at the maximum of the imaginary part of ∆ω 2 . The generalized parameter η r = η r (ω r ) is in the following evaluated at the resonance frequency ω r associated with the low-frequency stiffness of the viscoelastic material. When η r is separated into its real and imaginary part Eq. (15) can be written as
with |η r | denoting the magnitude of the complex number. The imaginary part of Eq. (17) is then Im ∆ω
and it is seen to be proportional to the imaginary part of the generalized parameter. The maximum of the imaginary part in Eq. (18) is obtained by the variational relation
The frequency function G(ω) represents the transition between the low-and high-frequency properties of the viscoelastic material defined in Eq. (1). For the standard three-parameter relaxation model in Fig. 1 the function G(ω)/(1 − G(ω)) = iωτ whereby the corresponding η r is purely imaginary. With respect to design considerations it is therefore reasonable to extend this property to general relaxation models, whereby optimality is only determined by the first term in Eq. (19) (20) where the latter approximation is again based on the assumption that the real part of the generalized parameter η r is negligible. The accuracy of this condition is demonstrated in the numerical example, considered next. 
Numerical example
In the present numerical example the accuracy of the explicit form of the frequency solution in Eq. (15) is illustrated in terms of a Prony series representation of the viscoelastic material properties. With respect to the model format in Eq. (1) the Prony series transfer function can be written as
where the high-frequency condition G(∞) = 1 implies α n = 1. Figure 2 shows the real and imaginary part of G(ω) for the relaxation parameters given by Slanik et al. [12] , with assumed vanishing low-frequency stiffness E 0 = 0. For the eight term Prony series (N = 8) the parameters of G(ω) are reproduced in Table 1 , while for the single-term representation (N = 1) the time scale is τ 1 = τ * and α 1 = 1. Thus, the single term time scale τ * is chosen as the reference time scale throughout this numerical example. Figure 3 . Cantilever beam with partial coverage by viscoelastic treatment.
In the case of a Prony series representation the combined equations of motion (2) and (4) are conveniently written in a linear state-space form with the associated eigenvalue problem Az = iωz. The exact natural frequencies are therefore in the following determined as the eigenvalues iω of the system matrix
where 0 and I are the zero matrix and identity matrix in full dimensional space, 0 H is a zero array of the same dimensions as the expansion array H and I HH is the identity matrix in reduced dimensional space.
The flexible structure in the present example is the cantilever beam shown in Fig. 3(a) with partial treatment by the viscoelastic material with properties described in Table 1 . The beam structure is discretized by 10 simple beam elements of length ℓ and with transverse displacement and cross section rotation as the nodal degrees of freedom, see Fig. 3(b) . The viscoelastic treatment covers four elements of the beam and it is placed after element N v , as indicated by the hatched part in Fig. 3(a) . In the present example the two locations corresponding to N v = 2 and 3 are considered.
In most beam vibration problems the viscoelastic treatment is introduced as internal shear layers in a sandwich configuration or in constrained layer damping [7] . However, in the 
Conclusions
The free vibration properties of flexible damped structures are represented by the complexvalued natural frequencies, which are determined by solving the augmented eigenvalue problem in for example state-space format. The present paper presents a solution format for the natural frequency, which avoids the solution of the full eigenvalue problem, but instead requires the solution of the two real-valued (undamped) eigenvalue problems in Eqs. (5) and (6) associated with the low-and high-frequency stiffness limits of the viscoelastic treatment, respectively. The solutions to these real-valued eigenvalue problems are available in most commercial codes, while solving the complex eigenvalue problem is not necessarily feasible or possible. Furthermore, the present solution format is effective for design and optimization of viscoelastic damping of structures because the eigenvalue problem should not be solved when the frequency/time dependent properties are changed during an optimization routine. The solution format assumes that the constitutive relation of the viscoelastic material follows the relaxation format without energy dissipation in the low-and high-frequency limits, but seems otherwise to be applicable for general types of discretized structural models and viscoelastic treatment.
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